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Abstract: We study the existence of periodic pullback attractor for non-autonomous dynamical 
system generated by Sine-Gordon equation with non-autonomous term as well as memory. By a 
priori estimation, we obtain the global solution of the equation and the pullback absorting set of ; by 
constructing the contraction function, we prove the asymptotic compactness of , then the existence 
of pullback attractor of the corresponding non-autonomous dynamical system in is established; 
moreover the pullback attractor is proved to be periodic, when the non-autonomous dynamical 
system has a periodic deterministic forcing term. 

1. Introduction 
In this paper, we study the asymptotic behavior of Nonautonomous sine Gordon equation with 

memory: 
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∫
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 (1) 

Here NRΩ⊂ is a bounded domain with smooth boundedΓ , ( ]0 : ,0u RΩ× −∞ → is the Past 
history of u . 

It is an important problem in mathematical physics to study the long-time dynamic behavior of 
the solution to problem (1) which is a dissipative infinite dimensional dynamic system. When the 
external force term h  is autonomous, there are many important research results on the long-term 
dynamic behavior of the solution. For details, please refer to the literature [1-4].Zhang Jianwen, Ren 
Yonghua, Wu runheng and Feng Tao[5] The dynamic behavior of nonlinear thermoelastic coupled 
sine-Gordon type system under the action of Peierls Nabarro force is studied. In this paper, the 
continuous solution of the system under certain initial boundary conditions is obtained by using the 
operator semigroup theory, and the asymptotically compact invariant absorption set is constructed 
by using the decomposition method of operator semigroup. Finally, the existence of global attractor 
is obtained. When the external force term h  is nonautonomous, papers mainly studies its pull back 
characteristics, The pull back attractors of various equations are studied in the literatures[6-9]. 

Among the nonlinear evolution equations, the study of sine Gordon equation has been favored by 
many scholars,Under the condition of autonomy, The global solution[10],global attractor[11] and 
dimension estimation[11, 12]is studied in articles[ 10-12];Under the condition of nonautonomy, The 
study of sine-Gordon type equation is mainly about pullback dynamics[13-15],The pullback dynamics 
of Nonautonomous stochastic sine Gordon equations with additive perturbation is studied in[13], The 
existence of a pullback attractor on ( ) ( )( )21 2

0H O L O×  for the stochastic dynamical system 
corresponding to the system of equations is proved by using the method of uniform estimation of 
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solutions. More results of pullback dynamics can be found in [16-21]. 
Some scholars have studied the asymptotic behavior of differential equations with linear memory. 

See [3-4,6-7]. However, the asymptotic behavior of the generalized nonautonomous sine-Gordon type 
equations with damping memory has not been studied. Combined with the research results of 
related scholars,The -D pullback attractor of Nonautonomous sine Gordon equation with memory 
term is studied. The -D pullback asymptotically compactness of continuous cocycleΦ of problem 
(1) is obtained by the method of contraction function, and then the -D pullback attractor of problem 
(1) is obtained. At the same time, it is discussed that when the non autonomous external force term 
has periodicity about t , its corresponding -D pullback attractor also has the same periodicity. 

In order to make the research smooth, some hypotheses are given 

( ) ( )2
1E f C R∈ ,And meet the following conditions ( ) ( )0 1 qf s C s≤ + ,here 0q > ; 

( )2E Memory kernel function ( ) ( ) ( ) ( ) ( )2, , 0 , 0s R g C R g s g s g+ + ′∀ ∈ ∈ ≤ ≤ +∞ = ,

( ) ( )s g sµ ′= − ,And satisfied 

( ) ( ) ( ) ( ) ( )1 1 , 0 ,C R L R s s s Rµ µ µ+ + +′∈ ≤ ≤ ∀ ∈Ⅰ , 

( ) ( ) ( ) ( )0 10
II = d 0, 0,s s s s s Rµ µ µ µ µ

∞ +′> + ≤ ∀ ∈∫ , 1µ is a positive constant 

The problem (1) is transformed into a definite nonautonomous dynamical system, Therefore, 
combined with the method of reference [3, 7] , the historical displacement variable is introduced, 
namely 

( ) ( ) ( )
0

= , = , d , , , 0
st

tx s u x t r r x s R tη η +− ∈Ω× ≥∫ , (2) 

By formal differentiation we have 
( ) ( ) ( ) ( ), , , , , , 0t t

t s tx s x s u x t x s R tη η += − + ∈Ω× ≥ . (3) 
according to ( )2E ( ) ( )s g sµ ′= − ,and ( ) 0g +∞ = ,Then problem (1) can be transformed into the 

following equivalent equations: 
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∫ ,
 (4) 

Initial condition: 
( ) ( ) ( ) ( ) ( ) ( ) ( )0 1 0, , , , , , , ,0 0t

tu x u x u x u x x s x s xtt t η η η= = = = 。 (5) 
Corresponding boundary conditions: 

( )0, , , 0, ,u u x t R x tη η t+= ∆ = ∈Γ× = ∆ = ∈Γ ≥ 。 (6) 

2. Preliminaries 

Without losing its generality, Let ( ) ，  and   denote the inner product and norm of ( )2L Ω , 
respectively 

( ) ( ) ( )2 2 1
0 2 0, ,H V L V H H= = Ω = Ω Ω  

The corresponding inner product and norm are 
( ) ( )

2 2
, , ,

V v H
u v u v u u= ∆ ∆ = ∆ 。 

Let ( ) ( )1a x C∈ Ω ,then 

( ){ }0 0meas x a x∈Γ > > , 

and 

( ){ }2 d , 0 ,aV u H a x u x u uΓ ΓΩ
= ∈ ∆ < ∞ = ∆ =∫  
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Easy to know, aV  is a Hilbert space whose norm is: 

( )2 2 d
aV

u a x u x
Ω

= ∆∫ 。 

According to the above definition, the history space is given 

( ) ( ) ( ){ }22

0
M= ; : d

a
a a V

L R V R V s s sµ η µ η
∞+ += → < ∞∫ , 

The history space is also a Hilbert space, and the corresponding inner product and norm: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) 22

M M0 0
, , , d d , d

aV
s a x x s x s x s s s sη x µ η x η µ η

∞ ∞

Ω
= ∆ ∆ =∫ ∫ ∫ . 

According to Poincare inequality:
2 21

1
r ru uλ +∇ ≤ ∇ ,here 1λ is the first eigenvalue of−∆ . 

In order to get our results, the related concepts and theories are given. 
Definition1.1[18] Let mapping 1 1: , .t t Rθ Ω →Ω ∈  { }( )1 t t R

θ
∈

Ω， is called parametric dynamical 
system, if the following conditions are met: 

) 01 θ is an identity map defined on 1Ω ,i.e ( )1 0,q q qq∀ ∈Ω = ; 

) ( ) ( )( )2 t tq qt tqqq  + = ; 

)( ) ( )3 , tt q qq→ is continuous. 

Definition 1.2[19] { }( )1 t t R
θ

∈
Ω， is parametric dynamical system,mapping 1R X X+Φ ×Ω × →： is 

called a continuous cocycle dominated by { }( )1 t t R
θ

∈
Ω， on X ,if for 1q∀ ∈Ω 和 ,t Rt +∈ ,satisfying: 

) ( )1 0, ,qΦ   is an identity map defined on X ,i.e ( ) ( )1, , 0, ,q x X q x x∀ ∈Ω × Φ = ; 

) ( ) ( ) ( )( )2 , , , , , ,tt q x q t q xt t qΦ + = Φ Φ ; 

) ( )3 , :t q X XΦ →，  is continuous. 
If, in addition, there exists a positive number 0T ,such that for every 10,t q≥ ∈Ω ,

( )( ) ( )
0

, , , ,Tt q t qqΦ = Φ  ,thenΦ  is called a continuous periodic cocycle on X  with period 0T . 

Let ( )P X denote the family of all nonempty subsets of X ,and S is the class of all families

( ){ } ( )1
ˆ : PD D q q X= ∈Ω ⊂ .Then we consider given a nonempty subclass D S⊂ . 

Definition 1.3 Let 0T be a positive number,and ( ){ } ( )1
ˆ : PD D q q X= ∈Ω ⊂ , all 1q∈Ω , 

( )( ) ( )
0TD q D qq = , Then D̂  is said to have period 0T . 

Definition 1.4(contractive function)[20] Let X is a banach space, B  is a bounded subset of X ,
( ),Ψ ΨΨ  is the function defined on X X× .if for any sequence{ } 1n n

x B∞

=
⊂ ,there is a subsequence 

{ } { }1 1nk nk n
x x∞ ∞

= =
⊂ ,such that 

( )lim lim , 0nk nlk l
x x

→∞ →∞
Ψ = . (7) 

We call ( ),Ψ ΨΨ  a contractive function on B B×  
We denote the set of all contractive functions on B B×  by ( )contr B . 

Definition 1.5( D- pullback absorbing set)[19, 20] if for any 1
ˆ, Dq D∈Ω ∈ ,there exists

( )0 0
ˆ, 0t t q D= ≥  

such that 
( ) ( )( )( ) ( ), ,t tt q D q B qqq − −Φ ⊂ ,对 0t t∀ ≥ , 

A family of bounded sets ( ){ }1ˆ :B B q q= ∈Ω is D-  Pullback absorbing. 
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Definition 1.6( D- pullback attractor)[19] A family of nonempty compact sets
( ){ }1ˆ :A A q q S= ∈Ω ∈ is a D- pullback attractor,if it satisfies: 

)1 for any ( )1,q A q∀ ∈Ω is compact; 

) ˆ2 A is D- pullback attracting,i.e for all 1
ˆ DD q∈ ∈Ω， , 

( ) ( )( )( ) ( )( )lim , , , 0t tt
dist t q D q A qqq − −→+∞

Φ = , 

Here ( ) ( ) ( )
21

1 2 1 2, sup inf , , , , ,
y Qx Q

dist Q Q d x y Q Q X d
∈∈

= ⊂    is the distance of space; 

) ˆ3 A is invariant,i.e for all ( ) 1t q R+∈ ×Ω， , 

( )( ) ( )( ), , tt q A q A qqΦ = . 

there exists 0 0T > ,such that ( )( ) ( )
0 1,TA q A q qq = ∀ ∈Ω ,then we say Â  is periodic with period

0T . 

Definition 1.7[19] For each 1D̂ S q∈ ∈Ω， ,we define the omega-limit set of D̂ at q (in the pullback 

sense)as ( ) ( ) ( )( )( )
0

ˆ , , ,t t
s t s

D q t q D qqq − −
≥ ≥

Λ = Φ   . 

Theorem1.1[19] Suppose the continuous cocycleΦ is D- pullback asymptotically compact,and 
there exists ˆ DB∈ which is D- pullback absorbing. Then, the family Â  defined by ( )A q

( )( )1
ˆ,B q q= Λ ∈Ω is a D- pullback attractor. 

Theorem1.2[20] Let Φ is a continuous cocycle in { }( )1, t t R
θ

∈
Ω ,suppose Φ has a D- pullback 

absorbing set { }
1

ˆ
q q

B B
∈Ω

= ,moreover for any 10,qν > ∈Ω ,there exists ( ),T T q ν= and

( ) ( )( ), ,
TT q qcontr Bq−

Ψ ∈ΨΨ  ,such that 

( )( ) ( )( ) ( ),, , , , ,T T T qX
t q x t q y x yqq  ν− −Φ −Φ ≤ +Ψ ,for ( ),

T qx y Bq−
∀ ∈  

where ,T qΨ depends onT and q . 
ThenΦ is D- pullback asymptotically in X . 
Theorem1.3[14, 21] SupposeΦ be a continuous periodic cocycle with period 0 0T >  on X  over

{ }( )1, t t R
θ

∈
Ω ,ifΦ has a D- puback attractor ˆ DA∈ ,then Â  is periodic with period 0T ,if and only if

Φ has a D- pullback absorbing set ˆ DB∈ ,and its period is 0T . 

3. Existence and Uniqueness of Global Solution 

Let 2 MX V H= × × , ( )0 0 1 0, ,z u u η= , ( ) ( ) ( ) ( )( ), , t
tz z t u t u t sη= = . 

Lemma2.1 Under assumption ( ) ( )1 2E E− ,and ( )2
0, ,loch L R H z X∈ ∈ ,Then z  determined by 

problems(4)-(6)satisfies the following properties: 

( ) ( )1 1 1

1 2
2 22 2 1 0 1

1 1M
1

64
4e 16 e e d ,

tt st

t

C
v u H t h s sκ t κ κ

t

λ
h t λ

κ

−
− −−

−

Ω
+ ∆ + ≤ − + + ∫  

( ) ( ) ( )2 21 2 1
1 1 0 1d 2 32 8 d

t t

t t
v s s H t C h s s

t t
t λ t λ− −

− −
∇ ≤ − + Ω +∫ ∫ . 

where tv u uε= + ,ε  is a sufficiently small positive number, which will be given below. 
Proof: Taking H − inner product by tv u uε= + in(4),we get 
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( )
( ) ( ) ( )( )( ) ( ) ( ) ( )( )( ) ( )( ) ( )( )

2 2 2 2 2 2 2 2 22 2 3

0 0

1 d
2 d

d , d , sin , , , ,t t
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ε ε ε ε ε ε

µ h ε µ h
∞ ∞

+ + ∆ − ∇ + ∇ − + ∆ − ∇ + +

∆ ∆ + ∆ ∆ + =∫ ∫
 

(8) 
According to t t

t s tuη η= − + ,Assumption ( )2E and Holder Inequality,we have 

( ) ( ) ( )( )( ) 2 21
M M0

1 dd ,
2 d 2

t t t
ts a x s s u

t
µµ η η η

∞
∆ ∆ ≥ +∫ , (9) 

( ) ( ) ( )( )( ) 2 2021
M0

1

d ,
4

t t a
s a x s s u u

µµε µ η η ε
µ

∞
∞∆ ∆ ≥ − − ∆∫ , (10) 

According to Assumption ( )1E and ( )2 ,loch L R H∈ ,we get 

( ) 2 21
1

1, 2
8

h v h v h vλ−≤ ≤ + ∇ , (11) 

( )( ) ( ) ( ) 2 2 21 1 2
1 1 0

1 1sin , sin 2 sin 8
8 8

f u v f u v f u v C vλ λ− −≤ ≤ + ∇ ≤ Ω + ∇ , (12) 

Substituting(9)-(12)into(8),we obtain 

( ) ( ) 21 1 2
1 1 1 1 0

d 4 16
d

H t K t h C
t

λ λ− −+ ≤ + Ω , (13) 

where 

( ) 2 22 2 2 2 2 22
1 M M

1
4

t tH t v u u u v uε ε η η= + + ∆ − ∇ + ≥ + ∆ + , 

( ) 2 2 2 2 23 2
1

22 2 2 2 20 2 1 1 3 21
1 1 1M

1

22 201 1
1 M

1

3 2 2 2 2
2

2 32 4 2 2
2 2

2 12 ,
2 2

t
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K t v v u u u

a
u h C v u u

a
u v

ε ε ε ε

µ µε h λ λ λ ε ε ε
µ

µ µε ελ ε h
µ

− −∞

− ∞

= ∇ − + ∆ + − ∇

 − ∆ + ≥ + Ω ≥ − + − ∇ 
 

 
+ − − ∆ + + ∇ 

 

 

And take a sufficiently smallε ,such that 
2

0 01
1 1 1 1

1 0 0

23 22 , 1 0 1+ , 2
2 2 2

a a
r r

µ µ ε ελ ε ε ελ ε ε µ ε λ
µ

− ∞ ∞
  +

− > − − > ≤ + ≤ 
 

， ,( 0r will be given later, 

the last two conditions are given in advance). 

Let 1
1 min ,

2
mκ ε =  

 
,then 

( ) ( ) 2 21 1 2
1 1 1 1 1 0

d 1+ 4 16 ,
d 2

H t H t v h C
t

κ λ λ− −+ ∇ ≤ + Ω  (14) 

integrating(14) over ( ),t tt− ,we get 

( ) ( ) ( )1 1 1

1 2
21 0 1

1 1 1
1

16
e 4 e e d ,

tt s

t

C
H t H t h s sκ t κ κ
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κ

−
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−
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( ) ( ) ( )2 21 2 1
1 1 0 1d 2 32 8 d
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t t
v s s H t C h s s

t t
t λ t λ− −

− −
∇ ≤ − + Ω +∫ ∫ . (16) 

Then 

( ) ( )1 1 1

1 2
2 22 2 1 0 1

1 1M
1
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4e 16 e e d ,

tt st

t

C
v u H t h s sκ t κ κ
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h t λ
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−
− −−

−

Ω
+ ∆ + ≤ − + + ∫  (17) 
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( ) ( ) ( )2 21 2 1
1 1 0 1d 2 32 8 d

t t

t t
v s s H t C h s s

t t
t λ t λ− −

− −
∇ ≤ − + Ω +∫ ∫ . (18) 

Lemma 2.1 is proved. 
Theorem 2.1 Assume that ( ) ( )1 2E E− ,and ( )2 ,loch L R X∈ , 0 , 0z X T∈ > ,Then problem(4)-(6) 

admits a unique solution [ )( ) [ ]( )2 1
0, , , , ,tz L X u L T Ht t∞∈ ∞ ∈ , and ( ) ( ) ( )( )= , , t

tz u t u t sη  
depends continuously on initial data in X . 

Proof: We will use the faedo-Galerkin method to prove the existence of global solutions. 
Step1.Construct approximate solution 
Let i i iω λω−∆ = ,where iλ  is the eigenvalue of−∆  with homogeneous Dirichlet boundary on Ω ,

iω  is the characteristic function corresponding to eigenvalue iλ ,According to the eigenvalue 
theory, 1 2, , , lω ω ω  constitutes the standard orthogonal basis of. 

Fixed 0T > ,for a given integer m∈Ν ,the projection operators from the following spaces to their 
subspaces are represented by mP and mQ ,respectively: 

{ } { }1 2 2 1 2, , , , , , , Ml lspan V spanω ω ω V V V⊂ ⊂  , 
Let ( ) ( ), t

im imu t sη be determined by the following nonlinear ordinary differential equations: 

( ) ( ) ( )( ) ( )( ) ( )

( ) ( )

2

0

MM

d sin , = ( , ), ,

, , 1, 2, , ,

t
mtt mt m m m i i

t t
mt ms i t i

u u u s a x s s f u h x t

u i m

mh  ω ω

hhςς  

∞ − ∆ + ∆ + ∆ ∆ +

 + = =

∫
，

 (19) 

Where ( ) ( ) ( ) ( )
1 1

,
m m

t t
m im i m im i

i i
u t u t s sω η η ς

= =

= =∑ ∑ ,initial condition ( )0 0 1 0, ,m m m mz u u η= ,when

m →+∞ , 0 0mz z→ in X .From the basic theory of ordinary differential equation, we can know, the 

problem(4)-(6)has an approximate solution on ( ),Tτ : ( ), , t
m m mt mz u u η= . 

Step2.priori estimation 
To proof of existence of solution in X ,multiplying(19)by ( ) ( )imt imu t u tε+ ,And sum i ,let

( ) ( ) ( )m mt mv t u t u tε= + ,According to lemma 2.1, a priori estimate of solution in X  space is 
obtained: 

( ) ( )1 1 1

1 2
2 22 2 1 0 1

1 1M
1

64
4e 16 e e d ,

tt st
m m m m t

C
v u H t h s sκ t κ κ

t

λ
h t λ

κ

−
− −−

−

Ω
+ ∆ + ≤ − + + ∫  (20) 

( ) ( ) ( )2 21 2 1
1 1 0 1d 2 32 8 d

t t

m mt t
v s s H t C h s s

t t
t λ t λ− −

− −
∇ ≤ − + Ω +∫ ∫ . (21) 

So ( ), , t
m m mz u v η= is uniformly bounded in [ )( ), ;L Xτ∞ +∞ . 

Step3.Limit process 
From (20)(21),we get 
Because { }mu  is bounded on 2V , { }mu has subsequences strongly convergent to u  on,still 

denoted by{ }mu ,such that 

{ }mu  converges to u  almost everywhere on H . 

mv v→   in [ )( ) [ ]( )2 1
0, ; , ;L H L T Hττ ∞ +∞  weak*, 

mu u→   in [ )( )2, ;L Vτ∞ +∞ weak*, 
t t
mη η→   在 [ )( ), ;ML τ∞ +∞ weak*. 

Then 
Because of ( ) ( ) ( ), , ,mt i m i m iu v uω ω ε ω= − , 
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so ( ) ( ) ( ), , ,mt i i iu v uω ω ε ω→ − in [ )0,L∞ +∞ weak*. 

and ( ) ( ) ( ) ( )1 1
2 2, , , ,mt i mt i m i i m i iu u v uω ω λ ω ε λ ω−∆ = ∇ ∇ = ∇ − ∇ , 

then ( ) ( ) ( )1 1
2 2, , ,mt i i i i iu v uω λ ω ε λ ω−∆ → ∇ − ∇ in [ ]2 0,L T  weak*. 

According to ( ) ( ), ,mt i t iu uω ω→ in [ )0,L∞ +∞ weak*, ( ) ( ) ( )d, , ,
dmtt i mt i tt iu u u

t
ω ω ω= → in

[ )0,D′ +∞ weak,where [ )0,D′ +∞  is the conjugate space of infinitely differentiable space [ )0,D +∞ . 

( ) ( ) ( )2 , , ,m i m i i i iu u uω λω λω∆ = −∆ → −∆ in [ )0,L∞ +∞  weak*. 

( ) ( ) ( )( )( ) ( ) ( )( ) ( )( )( )0 0
d , d ,t t

m i i is a x s s s a x s sm η ω m η λω
∞ ∞

∆ ∆ → −∆∫ ∫  in [ )0,L∞ +∞  weak*. 

According to the assumption ( )1E , ( )sinf u is a continuous function, 
We get ( )( ) ( )( )sin , sin ,m i if u f uω ω→  in [ )0,L∞ +∞  weak*. 
Based on the above convergence, 0 0mz z→ in X  weak. For all i  and when m →+∞ ,according to 

the density of substrate 1 2, , , ,lω ω ω  ,we have 

( ) ( ) ( )( ) ( )( ) ( )

( ) ( )

2
20

MM

d sin , = ( , ), , ,

, = , , M

t
tt t

t t
t s t

u u u s a x s s f u h x t V

u

µ h ω ω ω

hh  V V V

∞
− ∆ + ∆ + ∆ ∆ + ∀ ∈

+ ∀ ∈

∫
。

 

Therefore,the existence of weak global solutions to problem(4)-(6)is proved. 
The uniqueness and continuous dependence of the solution: 
Let ( ) ( ) ( )( ) ( ), , , 1, 2t

i i it iz u t u t s iη= = , ,t R∀ ∈  be two solutions of problem(4)-(6)as shown 

above corresponding to initial data ( )( )0 0 1 0, ,i i i iz u u sη= ,Then

( ) ( ) ( ) ( ) ( ) ( )1 2 1 2, t t tw t u t u t s s sξ η η= − = −  satisfifies

( ) ( ) ( )( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( )

2
1 20

1 1 1 2 2 2
0 1 0 0 1 0

, d sin sin = 0,

,

, , , , , , ,

t
tt t

t s t

t

w w w s a x x s s f u f u

w

w w s u u u ut

µ x

x x

t t x η η

∞ − ∆ + ∆ + ∆ ∆ + −
 = − +
 = −

∫
 (22) 

Taking H -inner product by tw in(22) and making use of assumptions ( )( )1 2E E ,we have 

( ) ( )( )

( )( )( ) ( )

2 22 2 2 1
1 2M M

1 2 1 2
1 2

2
0 0 0

1 d 1 sin sin ,
2 d 2 2

sin sin , 2 cos sin ,
2 2

2 ,

t t
t t t

t t

t t

w w w f u f u w
t

u u u uf u u w f w

qC w w qC w qC w

µ + ∆ + ξ + ∇ + ξ ≤ − −  
+ − ′ ′≤ α − ≤ α 

 

≤ ≤ +

 (23) 

then 

( )2 22 2 2 2 2

M M

d +2 + + ,
d

t t
t t tw w w w w

t
 + ∆ + ξ ∇ ≤ β ∆ ξ  

 (24) 

where { }2
0 1 0 1= max 2 ,2 ,qC qC−β λ m . 

Applying the Gronwall inequality to(24) yields 

( ) ( ) ( ) ( )( ) ( )2 22 2 2 2

M M
+ + e

tt
t tw t w t w w

β −tt+ ∆ + ξ ≤ t ∆ t ξ . (25) 

(25) implies that ( ) ( ) ( )( ), , t
tz u t u t sη= depends continuously on initial data in X ,and hence, the 
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solution of problem(4)-(6) is unique. Then the uniqueness and continuous dependence of the 
solution are proved. 

Theorem 2.1 is proven. 

4. Existence of Pullback Attractor 

Let ( )1= , ,tR t Rθ t t tΩ = + ∀ ∈ ,and 

( ) ( ) ( ) ( ) ( )( )0 0 0, , , , , , , ,t
tt z z t z u t u t s R t z Xtt t t t t η t t+Φ = + = + + ∈ ≥ ∈， . (26) 

From the existence and uniqueness of the solution of problem(4)-(6),we have 
( ) ( )( )0 0 0, , , , , , , , ,t r z t r r z R t r z Xt t t t tΦ + = Φ + Φ ∈ ≥ ∈， , 

And for any ,R tt t∈ ≥ , ( ), , :t X XtΦ →  is continuous,so,Φ  is a continuous cocycle. 
Assume that ( ) ( )2, ;loch x t L R H∈ and 

( )
2

e , d ,
t s h s s t Rs

−∞
< ∞ ∀ ∈∫  , (27) 

where 1σ κ= . 

Let ( ) ( )
0 22 e , dsr t h s t ss

−∞
= +∫  , Rσ be the set of all functions ( ): 0,r R → +∞ such that 

( )2lim e 0t

t
r tσ

→−∞
= , (28) 

And denote by Dσ the class of all families 为 ( ){ } ( )ˆ ; PD D t t R X= ∈ ⊂ such that

( ) ( )( )ˆ0, DD t B r t⊂ , 

For some ˆ RDr σ∈ ,where ( )( )ˆ0, DB r t denotes the closed ball in X centered at 0 with radius ( )D̂r t . 
By lemma2.1,and(27),we get 

( ) ( ) ( ) ( ) ( )( ) 22 2
, , , t

t t tX X X
t z z t t z u t u t st tt t t η− −Φ − = − =， ， ，  is bounded. 

Let ( ) ( )
1 2

21 0 1
1

64
16 e e d ,

tt s

t

C
R t h s ss s
s t

λ
λ

s

−
− −

−

Ω
= + ∫  

and ( ) ( ){ }2;
X

B t z X z R tσσ = ∈ ≤ ,it is straightforward to check that ˆ DBσσ ∈ ,and moreover the 

family B̂σ is D -σ pullback absorbing for the cocycleΦ . 
Lemma3.1 Assumed that the assumptions of Theorem2.1,and ( )2 ,loch L R X∈ satisfies (27),the 

cocycleΦ has 
a -Dσ pullback absorbing set in X . 
Lemma3.2 Assumed that the assumptions of Theorem2.1,and ( )2 ,loch L R X∈ satisfies (27),the 

cocycleΦ  is 
-Dσ pullback asymptotically compact. 

Proof:For 0 ,t R∈ let ( ) ( ) ( )( ) ( ), , , 1, 2t
i i it iz u t u t s iη= =  be two solutions of problem(4)-(6) as 

shown above corresponding to initial data ( )( )0 0 1 0, ,i i i iz u u sη= ( )0D t t∈ − ,where 0τ ≥ , 

Then ( ) ( ) ( ) ( ) ( ) ( )1 2 1 2, t t tw t u t u t s s sξ η η= − = − satisfifies 

( ) ( ) ( )( ) ( ) ( )

( )( ) ( ) ( )

2
1 20

1 1 1 2 2 2
0 1 0 0 1 0 0 1 0

d sin sin = 0,

, 0,

, , , , , , ,

t
tt t

t s t

w w w s a x s s f u f u

w w w

w w s u u u u

µ x

x x

x η η

∞

Γ Γ

 − ∆ + ∆ + ∆ ∆ + −
 = − + = ∆ =


= −

∫
 (29) 
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Taking H -inner product by ert
tw  in (29) (where =r σ ),and making use of assumptions

( ) ( )1 2E E− ,we have 

( )( ) ( ) ( ) ( )( )22
1 1 2M

d e 2e e e 2 sin sin ,e ,
d

rt rt rt t rt rt
w t w tH t w r H t f u f u w

t
µ ξ+ ∇ + ≤ − −  (30) 

here ( ) 22 2

M

t
w tH t w w ξ= + ∆ + . 

integrating (30)over the interval[ ]0,s t ,we obtain 

( ) ( ) ( )

( ) ( )( ) ( )( ) ( )( )
( ) ( )( ) ( )( ) ( )( )

0 0
0

0 0

0 0

22
0 1 M

1 2

2 1

e e 2 e d e d

e d 2 sin sin ,e d

e d 2 sin sin ,e d ,

t trt rs r r
w w ts s

t tr r
w ts s

t tr r
w ts s

H t H s w

r H f u f u w

r H f u f u w

ζ ζ ζ

ζ ζ

ζ ζ

ζ ζ µ ξ ζ

ζ ζ ζ ζ ζ ζ

ζ ζ ζ ζ ζ ζ

− + ∇ +

≤ − −

≤ + −

∫ ∫
∫ ∫
∫ ∫

 (31) 

integrating(31) over the interval [ ]0 0,t tt−  with respect to s ,we have 

( ) ( ) ( )

( ) ( )( ) ( )( ) ( )( )

0 0 0 0 0
0

0 0 0

0 0 0 0

0 0

22
0 1 M

2 1

e e d 2 e d d e d d

e d d 2 e sin sin , d d ,

t t t t trt rs r r
w w tt t s t s

t t t tr r
w tt s t s

H t H s s w s s

r H s f u f u w s

ζ ζ ζ

t t t

ζ ζ

t t

t ζ ζ µ ξ ζ

ζ ζ ζ ζ ζ ζ

− − −

− −

− + ∇ +

≤ + −

∫ ∫ ∫ ∫ ∫

∫ ∫ ∫ ∫
 (32) 

Taking H -inner product by ert w  in (29),we get 

( ) ( )

( ) ( )( )

2 2 2 2

2 20
1 2M

d 1 1e , e e e , e e
d 2 2

1e e e sin sin , ,
2 2

rt rt rt rt rt rt
t t t

rt t rt rt

w w w w r w w r w w
t

a
w f u f u w

µ
ξ∞

 + ∇ + ∆ ≤ + ∇ + 
 

+ + ∆ − −

 (33) 

integrating(33) over the interval[ ]0,s t ,we arrive at 

( ) ( ) ( )( ) ( )

( ) ( )( ) ( ) ( )

( )( ) ( )( ) ( )( )

0
0 0

0

0 0

2 21 2
1 1 0 0 0

2 2

20
1 2M

1 1 1 1e d e , e
2 2 2 2

1e , e 1 e d
2 2

e d e sin sin , d ,
2

t rt rtr
ts

trs rs r
t ts

t tr r

s s

r r w w t w t w t

rw s w s w s w

a
f u f u w

ζ

ζ

ζ ζ ζ

λ λ ζ ζ

ζ ζ

µ
ξ ζ ζ ζ ζ ζ

− −

∞

 − − ∆ + + ∇ 
 

 ≤ + ∇ + + 
 

+ − −

∫

∫

∫ ∫

 (34) 

integrating(34) over the interval [ ]0 0,t tt−  with respect to s ,we have 

( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( )

( )( ) ( )( ) ( )( )

0 0 0 0

0 0 0

0 0
0 0

0

0 0 0

0

2 21 2
1 1

2 2
0 0 0

20
1 2M

1 1 1 1e d d e , d e d
2 2 2 2

1 e d d e , e
2 2

e d d e sin sin , d d
2

t t t tr rs rs
tt s t t

t t rt rtr
t tt s

t t tr r

t s s

r r w s w s w s s w s s

r w s w t w t w t

a
s f u f u w

ζ

t t t

ζ

t

ζ ζ ζ

t

λ λ ζ ζ

tζ ζ t

µ
ξ ζ ζ ζ ζ ζ

− −

− − −

−

∞

−

 − − ∆ ≤ + ∇ 
 
 + + − − ∇ 
 

+ − −

∫ ∫ ∫ ∫

∫ ∫

∫ ∫ ∫
0

0

,
t

t
s

t−∫

 

(35) 

Let 1 2
0 1 1

1 1 1 0
2 2 2

r r rλ λ− −= − − > . 

Substituting(35)into(32),then 
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( ) ( ) ( )

( ) ( )( ) ( )

( ) ( ) ( )( ) ( )

0 0 0 0 0
0

0 0 0

0 0

0 0

0 0
0 0

0

0

22
0 M

2

0 0
2

2 2
0 0 0

0 0 0

2

0 M
0

e e d e d d e d d

e , d e d
2

2 e d d e , e
2 2

e d
2

t t t t trt rs r r
w w tt t s t s

t trs rs
tt t

t t rt rtr
t tt s

t r

s

H t H s s r w s r s

r rw s w s s w s s
r r

r r r rw s w t w t w t
r r r
r a
r

ζ ζ ζ

t t t

t t

ζ

t

ζ ζ

t ζ ζ ξ ζ

ζ ζ t t

µ ξ ζ

− − −

− −

−

∞

− ≤ +

+ + ∇

+
+ − − ∇

+

∫ ∫ ∫ ∫ ∫

∫ ∫

∫ ∫

( )( ) ( )( ) ( )( )

( )

( )( ) ( )( ) ( )( )

0 0 0

0 0

0 0 0 0

0 0

0 0

0

1 2
0

22
1 M

1 2

d e sin sin , d d

2 e d d e d d

2 e sin sin , d d

t t t r

t t s

t t t tr r
tt s t s

t t r
tt s

rs f u f u w s
r

w s s

f u f u w s

ζ

t t

ζ ζ ζ

t t

ζ

t

ζ ζ ζ ζ

ζ ζ µ ξ ζ

ζ ζ ζ ζ

− −

− −

−

− −

− ∇ −

− −

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫

 

( ) ( )( ) ( )

( )( ) ( )( ) ( )( )

( )( ) ( )( ) ( )( )

( ) ( )( ) ( )

0 0

0 0

0 0

0

0 0

0

0 0

2

0 0

1 2
0

1 2

2
0 0 0

0 0

e , d e d
2

e sin sin , d d

2 e sin sin , d d

e , e ,
2

t trs rs
tt t

t t r

t s

t t r
tt s

rt rt
t

r rw s w s s w s s
r r
r f u f u w s
r

f u f u w s

r rw t w t w t
r r

t t

ζ

t

ζ

t

ζ ζ ζ ζ

ζ ζ ζ ζ

t t

− −

−

−

≤ + ∇

− −

− −

− − ∇

∫ ∫

∫ ∫

∫ ∫
 (36) 

integrating(33) over the interval[ ]0 0,t tt− ,we get 

( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )

( ) ( )( ) ( )( ) ( )( )

0
0 0

0

00 0

0

0 0 0

0 0 0

2 2
0 0 0

1

2
0 0 0

22 0
1 2M

1 1e d e , e
2 2 2

1e , e e , d
2

e d e d e sin sin , d ,
2

t rt rtr
tt

tr t r t r
t tt

t t tr r r
tt t t

r w w t w t w t

w t w t w t r w w

a
w f u f u w

ζ

t

t t ζ

t

ζ ζ ζ ζ

t t t

ζ ζ
λ

t t t ζ ζ ζ

µ
ζ ζ ξ ζ ζ ζ ζ ζ

−

− −

−

∞

− − −

 
− ∆ + + ∇ ≤ 

 

− − + ∇ − + +

+ − −

∫

∫

∫ ∫ ∫

 

(37) 
Substituting (37)into(36),we receive 

( ) ( ) ( ) ( )
( ) ( ) ( )( ) ( ) ( )( )
( ) ( ) ( )

( ) ( )( ) ( )( ) ( )( ) ( )( )

0 0 0
0

0 0 0

0 0

0 0

0 0

0 0

22
0 0 M

0 0 0 0

2 2
0 0

1 2
0

0

e e d 6 e d 2 2 e d

4e , 4e ,

2e 2e

4 e , d 4 e sin sin , d

e
2

t t trt rs r r
w w tt t t

r t rt
t t

r t rt

t tr r
tt t

r

H t H s s w a

w t w t w t w t

w t w t

r r w w f u f u w
r
r w
r

ζ ζ ζ

t t t

t

t

ζ ζ

t t

ζ

t ζ ζ µ ξ ζ

t t

t

ζ ζ ζ ζ ζ ζ ζ

∞− − −

−

−

− −

+ ≤ + +

+ − − −

+ ∇ − − ∇

 
+ + − − 
 

+ ∇

∫ ∫ ∫

∫ ∫

( ) ( )( ) ( )( ) ( )( )

( )( ) ( )( ) ( )( )

( ) ( )( ) ( )

0 0 0

0 0

0 0

0

0 0

2
1 2

0

1 2

2
0 0 0

0 0

d e sin sin , d d

2 e sin sin , d d

e , e ,
2

t t t r

t t s

t t r
tt s

rt rt
t

r f u f u w s
r

f u f u w s

r rw t w t w t
r r

ζ

t t

ζ

t

ζ ζ ζ ζ ζ ζ

ζ ζ ζ ζ

t t

− −

−

− −

− −

− − ∇

∫ ∫ ∫

∫ ∫

 (38) 

also,integrating(30) over the interval[ ]0 0,t tt− ,we get 
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( ) ( ) ( ) ( )

( ) ( )( ) ( )( ) ( )( )

0 000

0 0

0 0

0 0

22
0 0 1 M

1 2

e e 2 e d e d

e d 2 e sin sin , d ,

t tr trt r r
w w tt t

t tr r
w tt t

H t H t w

r H f u f u w

t ζ ζ ζ

t t

ζ ζ

t t

t ζ ζ µ ξ ζ

ζ ζ ζ ζ ζ ζ

−

− −

− −

− − + ∇ +

≤ − −

∫ ∫

∫ ∫
 (39) 

Substituting (39)into(38),we receive 

( ) ( ) ( ) ( )( ) ( )( ) ( )( )
( ) ( ) ( )( ) ( ) ( )( )
( ) ( ) ( )

000

0

0 0

0 0

0 0 1 2

0 0 0 0

2 2
0 0

2e e e sin sin , d

4e , 4e ,

2e 2e

tr trt r
w w tt

r t rt
t t

r t rt

b bH t H t f u f u w
r r

w t w t w t w t

w t w t

t ζ

t

t

t

t t ζ ζ ζ ζ

t t

t

−

−

−

−

≤ − − −

+ − − −

+ ∇ − − ∇

∫
 

( ) ( )( ) ( )( ) ( )( ) ( )( )

( ) ( )( ) ( )( ) ( )( )

( )( ) ( )( ) ( )( )

( ) ( )( ) ( )

0 0

0 0

0 0 0

0 0

0 0

0

0 0

1 2
0

2
1 2

0 0

1 2

2
0 0 0

0 0

4 e , d 4 e sin sin , d

e d e sin sin , d d

2 e sin sin , d d

e , e ,
2

t tr r
tt t

t t tr r

t t s

t t r
tt s

rt rt
t

r r w w f u f u w
r

r rw f u f u w s
r r

f u f u w s

r rw t w t w t
r r

ζ ζ

t t

ζ ζ

t t

ζ

t

ζ ζ ζ ζ ζ ζ ζ

ζ ζ ζ ζ ζ ζ

ζ ζ ζ ζ

t t

− −

− −

−

 
+ + − − 
 

+ ∇ − −

− −

− − ∇

∫ ∫

∫ ∫ ∫

∫ ∫
 (40) 

where 01
1

1

2 2
max 3 ,

a
b r r

m
λ

m
− ∞

 +  =  
  

. 

Combined with the above estimation, and combined with(40),let 

( ) ( )( ) ( )

( ) ( )( )

( )( ) ( )( ) ( )( )
( )( ) ( )( ) ( )( )

0
0

0
0

0
0

0

0
0

0

0
0

0

0

21 1 1 2 2 2 1
, 0 1 0 0 1 0

0

1

0

1
1 2

1
1 2

1
1

0

, , , , , e e d
2

4 e e , d

2 e e sin sin , d

4 e e sin sin , d

e e sin

trt r
t t

trt r
tt

trt r
tt

trt r

t

rt r

ru u u u w
r

r r w w
r
b f u f u w
r

f u f u w

r f u
r

ζ
t t

ζ

t

ζ

t

ζ

t

ζ

η η t ζ ζ

t ζ ζ ζ

t ζ ζ ζ ζ

t ζ ζ ζ ζ

t

−−

−

−−

−

−−

−

−−

−

−−

Ψ = ∇

 
+ + 
 

− −

− −

−

∫

∫

∫

∫

( )( ) ( )( ) ( )( )

( )( ) ( )( ) ( )( )

( ) ( )( ) ( )

0 0

0

0 0
0

0

2

1
1 2

21 1
0 0 1 0

0 0

sin , d d

2 e e sin sin , d d

+4 , +2 ,
2

t t

t s

t trt r
tt s

t

f u w s

f u f u w s

r rw t w t w t
r r

t

ζ

t

ζ ζ ζ ζ

t ζ ζ ζ ζ

t λt

−

−−

−

− −

−

− −

   
− −   
   

∫ ∫

∫ ∫

 (41) 

and 

( ) ( ) ( )( ) ( )
0

2
, 0 0 0 04 , 2t w t

bR H t w t w t w t
rt t t t t= − + − − + ∇ − , 

then 
( ) ( ) ( )( )0 0

1 1 1 1 2 2 2
0 , , 0 1 0 0 1 0e , , , , ,r

w t tH t R u u u ut
t tt η η− −≤ +Ψ . 

By
0

1
,lim 0r

te Rt tt
t − −

→∞
= ,for 0ν∀ > ,we take 0τ large enough such that 

( ) ( ) ( )( )0 0

1 1 1 2 2 2
0 , 0 1 0 0 1 0, , , , ,w tH t u u u utν η η≤ +Ψ . 

Thanks to Theorem1.2,Theorem2.1 and lemma3.1,it is sufficiently to prove that the function 
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( ) ( )
0 0, ,t contr Bt σΨ ∈ΨΨ  ,let ( ) ( )( ), ,n nt nu t u t η be the corresponding solution of ( )0 1 0, ,n n nu u Bση ∈  

( )1,2,n =  ,from the observation above, without loss of generality(or by passing to 
subsequences),we assume that 

① nu u→  ∗weakly in ( )0 0 0 2, ;L t t Vt∞ − , 
② nt tu u→ ∗weakly in ( )0 0 0, ;L t t Ht∞ − , 
③ nu u→ in ( )2

0 0 0, ;L t t Ht− , 
④  ( ) ( )0 0 0 0nu t u tt t− → − , ( ) ( )0 0nu t u t→ in ( )2L Ω . 
Now,we will deal with each term in (41)one by one, is a bounded subset of X ,Assumed that the 

assumptions of ①②④ ,易得 

( ) ( )0

0 0

2
lim lim e d 0

t r
m ntm n

u uζ

t
ζ ζ ζ

−→∞ →∞
− =∫ , (42) 

( ) ( )0

0 0

2
lim lim e d 0

t r
m ntm n

u uζ

t
ζ ζ ζ

−→∞ →∞
∇ −∇ =∫ , (43) 

( ) ( )( ) ( ) ( )( )0

0 0

lim lim d d 0
t

mt nt m ntm n
u u u u x

t
ζ ζ ζ ζ ζ

− Ω→∞ →∞
− − =∫ ∫  , (44) 

( ) ( )( ) ( ) ( )( )0 0 0 0lim lim d 0mt nt m nm n
u t u t u t u t x

Ω→∞ →∞
− − =∫  , (45) 

( ) ( ) 2
0 0lim lim d 0m nm n

u t u t x
Ω→∞ →∞

− =∫ , (46) 

from ( )I ,we further have 

( )( ) ( )( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( ) ( )0

sin sin sin sin

2 cos sin
2 2

m n m n

m n m n
m n

f u s f u s f u s u s

u s u s u s u s
f C q u s u s

ϖ

ϖ

′− = −

+ −
′= ≤ − ，

 (47) 

from③ ,we obtain that 

( )( ) ( )( )( ) ( ) ( )( )0

0 0

lim lim sin sin d d 0
t rs

m n m ntm n
e f u s f u s u s u s x s

t− Ω→∞ →∞
− − =∫ ∫ , (48) 

( )( ) ( )( )( ) ( ) ( )( )0 0

0 0

lim lim e sin sin d d d 0
t t r

m n m nt sm n
f u f u u u x sζ

t
ζ ζ ζ ζ ζ

− Ω→∞ →∞
− − =∫ ∫ ∫ , (49) 

by(44)(45),we get 

( )( ) ( )( )( ) ( ) ( )( )0

0 0

lim lim e sin sin d d 0
t rs

m n mt nttm n
f u s f u s u s u s x s

t− Ω→∞ →∞
− − =∫ ∫ , (50) 

For each fixed 0t , ( )( ) ( )( )( ) ( ) ( )( )0 e sin sin d d
t r

m n mt nts
f u f u u u xζ ζ ζ ζ ζ ζ

Ω
− −∫ ∫ is bounded,by 

the Lebesgue dominated convergence theorem,we finally get 

( )( ) ( )( )( ) ( ) ( )( )

( )( ) ( )( )( ) ( ) ( )( )( )
0

0

lim lim e sin sin d d d

lim lim e sin sin d d d 0

t t r
m n mt ntt sm n

t t r
m n mt ntt sm n

f u f u u u x s

f u f u u u x s

ζ

t

ζ

t

ζ ζ ζ ζ ζ

ζ ζ ζ ζ ζ

− Ω→∞ →∞

− Ω→∞ →∞

− −

= − − =

∫ ∫ ∫

∫ ∫ ∫ ，
 (51) 

Hence,from(42)-(51),we see that ( ) ( )
0 0, ,t contr Bt σΨ ∈ΨΨ  . 

Lemma 3.2 is proven. 
The main conclusions of this paper are as follows 
Theorem3.1 In addition to the assumptions of Theorem2.1,and ( )2 ,loch L R X∈ satisfies (27),the 

cocycle Φ has a D -σ pullback attractor in X . 
Proof:From theorem 1.1, theorem 1.2, lemma 3.1 and lemma 3.2, we can get the conclusion of 

theorem 3.1. 
Theorem3.2  In addition to the assumptions of Theorem2.1,and ( )2 ,loch L R X∈ satisfies (27),also
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( ),h x t  is a periodic function with period 0T ,then the cocycleΦ  has a D -σ pullback attractor in X  
which is periodic 

with period 0T . 
Proof:In addition to the assumptions of Theorem2.1,and ( )2 ,loch L R X∈ satisfies (27),also ( ),h x t  

is a periodic function with period 0T ,then for every , 0,z X t Rt∈ ≥ ∈ ,we have that 
( ) ( ) ( ) ( )0 0 0, + , + , + , , , , ,t T z z t T T z z t z t zt t t t t tΦ = + = + = Φ , 

By Defifinition1.2,we fifind thatΦ  is periodic with period 0T ,Let ˆ DD σ∈ and ˆ
TD  be  the 0T −

translation of D̂ ,Then for every 0, s Rs > ∈ ,we have 

( )
2ˆlim e 0r

r
D s rs−

→∞
− = , (45) 

In particular,when 0s T Rττ = + ∈， ,we get from(45)that 

( ) ( )
2 2

0
ˆ ˆlim e lim e 0r r

Tr r
D s r D T rs s τ− −

→∞ →∞
− = + − = , (46) 

From(46),we have ˆ DTD σ∈ ,and Dσ is 0T − translation closed. Similarly, one may check that Dσ  is 
also 0T − translation closed. 

Therefore, Dσ is 0T −  translation invariant. 
From theorem 3.1 and theorem 1.3, we can get the conclusion of theorem 3.2. 
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